In this note we present explicit examples of maximal and minimal curves over finite fields in odd characteristic. The curves are of Artin-Schreier type and the construction is closely related to quadratic forms from F q n to F q .
many of the known constructions of maximal or minimal curves are closely related to quadratic forms and the link between curves of the type y 2 + y = x S(x), where S(x) is a linearized polynomial, with quadratic forms was explicitly studied in 1992; see [18] .
Recently, some characterizations and classification results were obtained in the literature. Let F q denote the finite field with q elements and n be a positive integer. For finite fields of characteristic 2, a full classification of quadratic forms from F q n to F q whose radicals have codimension 2 is provided in the following cases: all the coefficients are from F 2 or at least three are in F 4 . As an application, maximal and minimal curves are obtained, see [4, 5, [12] [13] [14] . Later on, some results on quadratic functions and maximal Artin-Schreier curves over finite fields having odd characteristic have been presented in [1, 2] . In [15] , by using some techniques developed in [3] , a conjecture presented in [2] is proved and explicit classes of maximal and minimal Artin-Schreier type curves in odd characteristic are presented. In this work we determine examples of minimal and maximal curves over F q of the following type
Our investigation is based on the type of the quadratic form associated with this curve. In Proposition 2 we characterize the polynomials S(x) of degree q m−1 over F q 2m providing maximal curves, for the case S(x) ∈ F q m [x] we explicitly compute the coefficients of S(x) in Theorem 2 generalizing results in [2] . In Sect. 4 
Preliminaries
Throughout this paper by a curve we mean a geometrically irreducible and projective curve over a finite field of odd characteristic. For a positive integer m consider the
As already mentioned, we investigate curves X S as in (1) . Such curves have a unique singular point at infinity (which is F q n -rational). Also, there is a unique place centered on it; see for instance [16, Proposition 3.7.10] . This means that the number of F q n -rational points of X equals the number of degree one places in the corresponding function field. These curves are related with quadratic forms. As a definition, a quadratic form Q : F q n → F q is a map such that
The radical W associated with the quadratic form Q is defined as
Note that W is an F q -linear subspace of F q n . Let w be its F q -dimension; the integer n − w is called the codimension of the radical.
The quadratic form associated with curves X S in (1) is
where Tr(·) denotes the trace map from F q n to F q , that is, Tr(x) = x +x q +· · ·+x q n−1 . Let N (X S ) be the number of F q n -rational points of the curve X S and N (Q S ) denote the following cardinality
From Hilbert's Theorem 90 we obtain
and furthermore by the Hasse-Weil inequality we know that
where g(X S ) is the genus of X S .
Recall that a curve is said to be maximal or minimal if the number of its F q n -rational points attains the upper or the lower bound in Hasse-Weil inequality respectively. In this note we provide examples of linearized polynomials S(x) for which the corresponding curve X S is maximal or minimal. Since by [18, Proposition 13.4 ]
and by [16, Proposition 3.7 .10] X S has genus g(X S ) = q−1 2 q m (assuming s m = 0), for even n − w the curve X S is maximal or minimal over F q n if and only if the dimension of the F q -vector space W is w = 2m. In this direction, a useful description of the vector space W is the following. 
and W has dimension at most 2m.
We conclude this preliminary section with two known results about minimal or maximal curves of type X S . Although in general it is not easy to establish if X S is minimal or maximal, the following results provide some conditions for it. Proposition 1 [7, 15] Let q be a prime power and let m ≥ 1 be an integer. Consider the curve X S over F q 2m defined by
Assume that s m = 0 and X S is maximal over F 
Assume that the radical of the quadratic form Tr(x S(x)) has dimension 2m − 2k over F q . Then the curve
is a minimal curve over F q 2m .
Explicit curves from quadratic forms whose radicals have codimension two
We start this section providing a characterization of maximal curves from quadratic forms whose radicals have codimension two over F q 2m .
Proposition 2 Let q be a power of an odd prime, m ≥ 2 be a positive integer and
Assume that the radical of the quadratic form T r (x S(x)) has dimension 2m − 2 over F q . Then the curve
is a maximal curve over for some c ∈ F q 2m \ {0}.
Proof Let E 1 = F q 2m (x, y) with y q − y = x S(x) be the function field of X S . As the dimension of the radical is 2m − 2, deg(S(x)) = q m−1 and s m−1 = 0, E 1 (or equivalently X S ) is either maximal or minimal over F q 2m . Using [3, Proposition 5.1] we can construct an extension field E 2 of E 1 such that
Moreover an affine equation for E 2 is also given:
Here [3, Proposition 5.1] proves the existence of an element c ∈ F q 2m \ {0} such that
. Then using (4) we obtain that
Using Proposition 1, E 2 is maximal if and only if the coefficients of R(x) satisfies the equations in (2) and (3), which completes the proof.
If we suppose that all the coefficients s i of S(x) are in F q m we obtain the explicit classifications in Theorems 2, 3 and 4. These results include the maximal curves obtained in [2] as a special subcase. Also, note that in [2] only the case q = p (prime case) is considered under the condition that gcd( p, n) = gcd( p, 2m) = 1. Here we have no such condition.
Theorem 2 Let q be a power of an odd prime, m ≥ 2 be a positive integer and
Then the radical of the quadratic form Tr(x S(x)) has dimension 2m − 2 over F q and the curve
is a maximal curve over F q 2m if and only if q ≡ 3 mod 4, m is odd, s 0 ∈ F q m \ {0} and for 1 ≤ i ≤ m − 1 we have
Proof Let m ≥ 2 and assume the curve X S is maximal over F q 2m . By (3) in Proposition 2 we know that there exists c ∈ F q m \ {0} satisfying
Since s m−1 ∈ F q m \ {0} we conclude c + c q m = 0. Moreover, using the first equation in (2) we get
Taking the powers q m−1 and q 2m−1 respectively and using s 0 , s 1 ∈ F q m we obtain that This can happen only when q ≡ 3 mod 4. Suppose now that q ≡ 3 mod 4, m is odd and
where s is a square root of s 0 in F q 2m . Using (sx) Proof The calculation of the dimension of Tr(x S(x)) in Theorem 2 works here too. Since its dimension is 2m − 2 and the curve X S is not maximal by Theorem 2, we obtain that X S is minimal. 
Proof Let
with fixing s a (q + 1)-th root of 
Maximal or minimal curves from symmetric polynomials
In this section we provide some constructions of maximal or minimal curves using certain symmetric polynomials. We consider an integer r ≥ 1, a divisor k of n, and a polynomial f (x) such that
Theorem 5 Let n ≥ 2 be even and k ≡ 2 (mod 4) a divisor of n/2. Let
Then the curve X f ,k defined by the affine equation
is minimal over F q n .
Proof The genus of the curve
For w the F q -dimension of the radical W associated to the quadratic form Q(x) = Tr(x S(x)) we have: X S is minimal or maximal over F q n if and only if w = n − k + 2r . We have
Therefore the corresponding associated polynomial to
This shows that the curve X f ,k is either maximal of minimal over F q n . Since the highest and the lowest powers in S(x) are q n 2 − k 2 +r and q k 2 −r , by Theorem 1 we conclude that X f ,k is minimal. Now we construct a family of curves over F q n that are either maximal or minimal over F q n . We omit the proof since it is very similar to the proof of Theorem 5.
Theorem 6 Let
either maximal or minimal.
The next proposition provides some simple examples of polynomials f (x) satisfying conditions in (5). 
Proposition 3 Let r , s, k ≥ 1 be integers. The following polynomials f (x) satisfy conditions in (5).
and
Proof The first four statements follow immediately from the factorization of x k − 1. The last two items are proved as follows.
We have that
Suppose r ≡ 0, 1 (mod 3) and therefore 6(2r −1) | k. Since x 6(2r −1) −1 divides x k − 1 it is enough to show that f (x) | x 6(2r −1) − 1. We can write
and f (x) | x 2(2r −1) − 1.
Another interesting family of symmetric polynomials over F p satisfying Condition (5) is provided by the cyclotomic polynomials. Assume that d is not divisible by the characteristic p of
where ξ is a primitive dth root of unity over F q . In particular Φ d (x) is always a divisor of x d − 1, but not necessarily irreducible over F q . The following are well-known results about cyclotomic polynomials (see for example [8] ). Since W ⊂ F q n and the dimension of W over F q is even, X is maximal or minimal over F q n and hence it is minimal over F q 2n . 
